A spin-foam vertex amplitude with the correct semiclassical limit 
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Spin-foam models are hoped to provide a dynamics for loop quantum gravity. All 4-d spin- 
foam models of gravity start from the Plebanski formulation, in which gravity is recovered from 
a topological field theory, BF theory, by the imposition of constraints, which, however, select not 
only the gravitational sector, but also unphysical sectors. We show that this is the root cause for 
terms beyond the required Feynman-prescribed exponential of i times the action in the semiclassical 
limit of the EPRL spin-foam vertex. By quantizing a condition isolating the gravitational sector, we 
modify the EPRL vertex, yielding what we call the proper EPRL vertex amplitude. This provides 
at last a vertex amplitude for loop quantum gravity with the correct semiclassical limit. 
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Introduction Loop quantum gravity (LQG) [H-[3| of- 
fers a compelling kinematical framework in which dis- 
creteness of geometry is derived from a quantization of 
general relativity (GR) rather than postulated. This 
discreteness has enabled well-defined proposals for the 
Hamiltonian constraint — defining the dynamics of the 
theory — in which one sees how diffcomorphism invari- 
ance eliminates normally problematic ultraviolet diver- 
gences. However, the lack of manifest space-time covari- 
ance, inherent in any canonical approach to gravity, is 
often suspected as a reason for the presence of ambigu- 
ities in the Hamiltonian constraint. This has motivated 
the spin- foam program [lj, |5H7[, which aims to provide 
a space-time covariant, path integral version of the dy- 
namics of LQG. The histories summed over in the path 
integral are those arising from loop quantization meth- 
ods. 

The individual amplitudes in a spin-foam sum are de- 
rived using the Plebanski formulation of gravity, or varia- 
tions thereof. In this formulation of gravity, one takes ad- 
vantage of the fact that GR can be formulated as a topo- 
logical field theory whose quantization is well-understood 
— BF theory Q — supplemented by so-called simplicity 
constraints. Within the last few years, a spin-foam model 
of quantum gravity was, for the first time, introduced 
whose kinematics match those of LQG and therefore re- 
alize the original goal of the spin-foam program: to pro- 
vide a path integral dyanamics for LQG. This is known in 
the literature as EPRL [j| [l(| ; when the Barbero-Immirzi 
parameter [ill [P2j /?, a certain quantization ambiguity, 
is less than 1, this model is equal to the Freidel-Krasnov 
model Despite its success, the EPRL vertex still 

has difficulty in obtaining the correct semiclassical limit: 
(non-geometric) degenerate configurations are not sup- 
pressed [3], and even if one restricts to non-degenerate 
configurations, the semiclassical limit of the vertex am- 
plitude has four terms instead of the required one term 
of the form exponential of i times the action [T3|. As we 
shall show in this letter, this difficulty is directly due to 
a problem with the way gravity is recovered from BF 
theory: When one imposes the simplicity constraints, 
one isolates not only the gravitational sector, but three 
sectors, and these sectors are directly responsible both 
for the extra terms present in the semiclassical limit, as 



well as the persistence of degenerate configurations. The 
other 4-d spin-foam models of gra vity have similar prob- 
lems with a similar source |15l - ll7{ . In the present work, 
we show how, by formulating the restriction to the gravi- 
tational sector classically first, quantizing it, and incorpo- 
rating it into the EPRL vertex definition, one can define 
a modified vertex for which the extra terms are elimi- 
nated, degenerate configurations are exponentially sup- 
pressed, and one finally achieves a vertex with the correct 
semiclassical limit. This new modified vertex, which we 
call the proper EPRL vertex, additionally continues to 
be compatible with loop quantum gravity, linear in the 
boundary state, and SU (2) invariant. The condition of 
linearity in the boundary state is necessary to ensure that 
the final transition amplitude defined by the spin-foam 
model is linear in the initial state and anti-linear in the 
final state. 

At the end of the letter, we also remark upon a possible 
relation to Oriti's Feynman propagator [l8j] , Teitelboim's 
causal propagator [19j . as well as the positive frequency 
condition used in loop quantum cosmology [20l |. 

To begin, we review the classical discrete framework, 
review the EPRL vertex, point out its problems, and then 
derive the solution, leading to the definition of the proper 
EPRL vertex. The present letter gives only a summary 
of this work, further details being left to the two papers 

dm. 

Review of EPRL and the problem with its asymp- 
totics. The quantum histories used in spin-foam sums 
are usually based on a triangulation of space-time into 
4-simplices. The probability amplitude for a given spin- 
foam history breaks up into a product of amplitudes as- 
sociated to each component of the triangulation 0, @]- 
The most important of these amplitudes is the vertex 
amplitude, which provides the probability amplitude for 
data associated to a single 4-simplex. In the following, as 
we are concerned specifically with the vertex amplitude, 
for conceptual clarity, we focus on a single 4-simplex a. 
(Though the EPRL vertex has been generalized to ar- 
bitrary cells [HI, we restrict ourselves to the simplicial 
case, as certain key arguments we use will depend on the 
combinatorics of this case. See remarks at the end of 
this letter.) Let triangles and tetrahedra of a be denoted 
respectively by / and t and decorations thereof. Fix a 
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transverse orientation of each / within the boundary of 
a. For improved clarity and brevity we review here the 
definition of the basic variables in a way different from, 
but equivalent to, [U [22J. Let us fix an affine struc- 
ture on the 4-simplex a; this is equivalent to fixing a flat 
connection d a on a. The basic variables for a single 4- 
simplex consist in 5 group elements {Gt}te<y C Spin(4), 
and 20 algebra elements {B^} C so (4). These are 
subject to a number of constraints: (f.) 'orientation', 
G t >Bft = -Gn>B JV , (2.) 'closure', £ /6t B/ t = 0> an d 
(3.) 'linear simplicity', (*Bf t ) oi = 0. Let (1.)' denote 
the part of constraint (1.) that is independent of the 
G t variables {B I f J t B ftIJ = B I f J t ,B; VI j, e IJKL B I f , t Bf t L = 

e IJKL By t ,Bf^). (1.)' and (3.) are imposed as a re- 
striction on the allowed boundary data and histories in- 
tegrated over in the vertex amplitude (see below). The 
rest of (f .) and (2.) are imposed in the sense that viola- 
tions are exponentially suppressed by the vertex ampli- 
tude. Constraints (1.) and (2.) imply that there exists a 
unique two- form B™, constant with respect to d a , such 
that, for all t, f with / € t, jH 11 



G t > B 
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When the constraint (3.), linear simplicity, is additionally 
imposed, this two-form field Bj^ furthermore takes one 
of the three forms [2l| 

(II±)B IJ = ±-e IJ KL e K A e L for some constant 

(deg) euKL^^B^B^ = (degenerate case) 

where the names for these sectors have been taken from 
[21], [2^. Only (11+) yields a theory with both the correct 
gravitational degrees of freedom and the usual gravita- 
tional action with the usual sign [2l|, • 

The boundary phase space giving rise to the Spin(4) 
BF Hilbert space associated to the boundary of a is pa- 
rameterized by the five group elements {Gt> t f }fe<x C 

Spin(4) and the algebra elements {BW}, where i/,£< 
are respectively the tetrahedron 'above' and 'below' / 
within the boundary of a, and Gt't '■= G^, l Gt- The Pois- 
son bracket structure is such that the combination 
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generates left or right translations on Gft, according 
to whether t equals t'f or tf, respectively. The corre- 
sponding generators of (internal) spatial rotations are 



then L 



ft 



In quantum theory, the simplicity constraint reduces 
the boundary Hilbert space of the quantum BF theory 
to precisely that of LQG, yielding an embedding of LQG 
boundary states into Spin(4) BF theory boundary states 
10]. Let us recall this embedding both because it is at 
the heart of the EPRL vertex amplitude, and because it 



clarifies the interpretation of the LQG boundary states 
in terms of the discrete classical Spin(A) BF theory re- 
viewed above. 

The LQG Hilbert space associated to da is 
L 2 (x fSU(2)). A (generalized) spin-network ^{kf,tl>f t } in 
this space is labeled by one spin kf and two states ipf t > £ 
Vf, ifrftf £ Vf per triangle /, where Vk denotes the spin- 
k representation of 517(2). *{/c / ,v /t } S L 2 ( x fSU(2)) is 
given explicitly by 



*{fc„V- / *}({ff/}) : = 



Y[(^ft' f Pk f (gf)^ft t ) (3) 



where Pk(g) denotes the representation matrix for g £ 
SU(2) on V k . The embedding l : L 2 (x f SU(2)) -> 
L 2 (x f Spin(4)) from LQG states to Spin(4) BF theory 
boundary states is defined in terms of the (over complete) 
basis ^ by 

(^{^,^)({G ! /}):=n^/*'/l 4V P.7,.t( G /) t vlV'/V> ( 4 ) 
/ 

where here and throughout this letter we set 
s ± :=i|l±7|fc, p s -.s+(G) denotes the spin (s~,s + ) 
representation of G £ Spin(4), tk ■ Vk —> V s - ® V s + 
denotes the indicated intertwiner scaled such that it 
is isometric in the Hilbert space inner products, and 
L k : Vj- ® Vj+ — > Vk is its hermitian conjugate. 

In terms of the family of states ((3]), the operator L\ v 
the quantization of L % f t in the Spin(A) quantum theory, 
acts directly on ipf t as can be checked: 



(5) 



where %j)f t := L % %pf t , and tpf> t > := tpff for /' ^ / or 
t ^ t', and where L l denotes the SU(2) generators acting 
in the appropriate irreducible representation, normalized 
such that [L\L>] = ie\ j L k . 

The EPRL vertex amplitude A^ PRL : L 2 (x f SU(2)) -> 
C, in terms of the above is 
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EPRL 



(^{k f ,^ ft }) 



(lJdG t ) (°t' f tf) 



Spin(A) b 



Spm(4) 



(]JdG^]l(i> ft , f \L k fp(G t , ftf )L kf \i, ft 
5 t f 



(6) 



The vertex amplitude can be rewritten using what we 
call Livine-Speziale coherent states [26| . Each such state 
ty{k f ,n ft } is labeled by one spin kf per /, and one unit 
3- vector n f t per /, t with / 6 t, and are obtained from 
the states ((3]) by setting ipft' '■= (kf, — rift', | and ipft f '■= 
\kf,nft f ), where \k,n) £ Vk denotes the indicated SU(2) 
Perelomov coherent state [27[. One then has 

A^ G (y {kf ,n ft} ) = (7) 

{X\dG t )T\(kf,nf t ,\L k fp(G t > t ^ Lk f \kf,n ft ) 

Spin(4) 5 V t f 
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The Spin(4) boundary state i^{k f , nft } represents a co- 
herent state peaked on the classical configuration of 
Bjt's taking the values 

B) J t = WirGkfSHnjl (8) 

where := 0. The B 1 ^ values of the form © are 
the most general satisfying the constraints (1.)' and (3.) 
(linear simplicity) as enumerated earlier. Furthermore, 
the integral over the Gt's can be interpreted as a path 
integral over possible Gt's, which one identifies with the 
parallel transports introduced as part of the discrete clas- 
sical framework reviewed above. This identification and 
interpretation of the group integration variables in (7) 
is justified by the asymptotic analysis of carried out 
by Barrett et al. [14j . in which one finds that the criti- 
cal point equations for the group elements are precisely 
those satisfied by the parallel transports in the discrete 
classical framework. 

If the data {kf,nf t } satisfies X)/et^/ n /t = (clo- 
sure) and is such that, for each t, the span of {^/t}/gt 
is three dimensional, then, for each t, one can con- 
struct a unique geometrical tetrahedron with face areas 
A{kf) := 8Tr£^jkf, and such that n t f • ritf = — cosd t ff> 
for all /, /' G t, where Otff denotes the interior angle be- 
tween triangles / and /' within the geometrical tetrahe- 
dron for t. If these geometrical tetrahedra furthermore fit 
together to form a consistent geometrical 4-simplex, the 
data {kf,rif t } is called Regge-like. and the overall phase 
of the coherent state ^{k f ,n ft } can be fixed uniquely, giv- 
ing rise to what is called the Regge state n t j [13]. 
For such states, the asymptotics of the EPRL vertex are 
given by 

+C 2 e^ SR + C 3 e~^ SR ), (9) 

where ~ indicates that the error term is bounded by a 
constant times the power of A G K + indicated, and where 
<Sr denotes the Regge action determined by the data 
{\kf ,rift}. To be noted is the presence in the asymp- 
totics of not just the Feynman-prescribed exponential of 
i times the action, but of 3 extra terms which spoil the 
usual proof of the correct classical limit. This is in ad- 
dition to the problem of the existence of a class of de- 
generate configurations yielding asymptotics that persist 
as strongly as those of the Regge-like configurations in 
The asymptotics for this class of degenerate con- 
figurations have not been shown here, but can be found 
in [l4j. It turns out that the existence of these non- 
suppressed degenerate configurations, as well as of the 
extra terms in the asymptotics ©, is precisely due to 
the fact that linear simplicity allows for more than the 
usual gravitational sector (11+) as was shown in [2lj . 

A condition selecting the gravitational sector and its 
quantization. To solve the above problem, our strategy 
is first to find a classical condition on the basic variables 
that selects the (//+) sector, quantize this condition, and 



then use it to modify the EPRL vertex ([6l [7]). For each 
two tetrahedra t,t' define the sign f3 t t'({G^,}) by 

Ptt' ({Gu'Y) ■= -sgn [ujk (G ttl To (G tt2 ) j o(G tt3 ) k - 

(GftJ o(G t ' t2 ) m o(G t ' t3 )"o] (10) 

where G 1 j denotes the SO (4) matrix canonically asso- 
ciated to a given Spin{4) element G (see, e.g., [l4 \22\), 
ti,t2,t3 are the tetrahedra other than t,t', in any order, 
and sgn is defined to be zero when its argument is zero. 
We then have the result that the constant 2-form 
determined by equation ([TJ) is in sector (11+) iff 

M{Gs>}) • (GOV (£/t)i > o (ii) 

for some pair of tetrahedra t, t', where / = t (1 1' [22| . 
This is the condition which we seek to quantize and use to 
modify the vertex integral ([HIT]). Normally this would be 
done by inserting into the path integral the Heaviside 
function 

e(Af({GH>})-(G t )V(£/*)i), (12) 

where O(-) is zero when its argument is zero. However, 
if one inserts this into ([7]), one obtains a vertex ampli- 
tude which is non-linear in the boundary state, spoiling 
the property of the final spin-foam sum that it be lin- 
ear in the initial state and anti-linear in the final state 
(a property necessary for the final spin-foam sum to be 
interpreted as a transition amplitude). Instead, we par- 
tially quantize the expression (|12[) before inserting it into 
©, by replacing Li t with SU(2) generators L l acting on 

the coherent state |fc/,n/t). Because the generators L 1 
are peaked on L^ t = jffij t when acting on the Perelo- 
mov coherent state |fc/,n/t), such insertions will still im- 
pose the desired condition ([TT]) in the semiclassical limit, 
and so remove the unwanted 'non-gravitational' sectors, 
while at the same time preserving the necessary linear- 
ity in the boundary state. Thus we insert the following 
group- variable dependent operator on Vfc, : 

PMiGi'i}) ■= P(o,oo) (A't({G*f}) • (G t fo ■ Li) (13) 

where Ps(0) denotes the spectral projector for the op- 
erator O onto the portion <S of its spectrum. Inserting 
this into the vertex path integral ([6]), one obtains what 
we call the proper EPRL vertex amplitude. For a general 
SU(2) spin-network state ([3|), it is explicitly given by 

4 I/+) (*{*„* /t }) = (14) 

/ (n dG *)n^/*/ \L kf p(G t , tf )L kf p t , ftf aGt^mftf). 

Spin (4) 5 ' ? 

One can equivalcntly write the vertex amplitude with the 
projector on the left side of each integrand factor [22l |. 
This vertex amplitude is manifestly linear in the bound- 
ary state ([3]), and one can furthermore show that it is 
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SU(2) invariant (22|. For the coherent state ^ {\k s ,n Jt }, 
for large A, the proper EPRL vertex is exponentially 
suppressed unless {fc/,n/t} describes a non-degenerate 
Regge geometry, in which case it now has precisely the 
required asymptotics [22| 

4" + ^fx W ) ~ A" 12 ^*. (15) 

Discussion. By implementing quantum mechanically 
a restriction to Plebanski sector (11+) , the EPRL vertex 
amplitude has been modified, yielding what we call the 
proper EPRL vertex. The resulting vertex is linear in 
the boundary state, SU{2) invariant, and possesses the 
correct semiclassical limit. 

Let us remark first on the non-triviality of the removal 
of the degenerate sector that has been achieved. In the 
work pj}, the degenerate sector of the Freidel-Krasnov 
model (equal to EPRL for 7 < 1) is removed by using 
a path integral representation based on coherent states, 
similar to the path integral representation of the EPRL 
vertex given in ([7]) above. However, in the conclusions of 
the work (l7j . the authors state that they do not know 
how rewrite the resulting restricted path integral as a 
spin-foam sum — that is, as a sum over histories of spin- 
foams labeled with spins and intertwiners, similar to ([6]). 
The reason for this difficulty arguably can be traced to 
the same reason for our rejection of the "naive" prescrip- 
tion of inserting the non-quantized Heaviside function 
(fl~2j) into ([7]): because the resulting transition amplitude 
is non-linear in the boundary state. Thus, as far as re- 
moval of the degenerate sector is concerned, the new el- 
ement of the present work is precisely the fact that the 



removal is achieved in such a way that linearity in the 
boundary state is preserved, so that the vertex amplitude 
can continue to be used to define transition amplitudes 
between canonical states in the usual sense. 

Beyond the removal of the degenerate sector, the 
proper vertex also achieves the removal of Plebanski sec- 
tor (II-). The importance of this lay first and foremost 
in the need to include only one copy of the gravitational 
sector, with the usual sign in the action. However, the 
removal of sector (II-) also has a tantalizing similarity 
to a selection of a single orientation of the space-time 
manifold. If one could make this precise, one could po- 
tentially show that the restriction to (11+) achieved in 
the proper vertex is in fact conceptually the same as the 
restriction advocated by Oriti [18| , and hence closely re- 
lated to the causal propagator of Teitelboi m fl9|l. w hich 
from the symmetry reduced model analysis [28|, [29| , has 
been argued to be necessary for spin-foam models to be 
consistent with loop quantum cosmology [20L l30j . 

Two final open issues that remain are the general- 
ization to the Lorentzian signature and the generaliza- 
tion to an arbitrary cell (23[. The generalization to the 
Lorentzian signature is expected to be straightforward. 
The generalization to an arbitrary cell, on the other hand, 
will likely require one to understand the strategy from an 
entirely new perspective, as the combinatorics of the 4- 
simplex are used in a key way not only in the derivation 
of the proper vertex, but in its very definition. 
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